ON THE INTEGRATION OF DIFFERENTIAL
EQUATIONS OF HIGHER ORDERS®

Leonhard Euler

§1 Although many methods have been invented to solve differential equa-
tions of first order and the highest Geometers have invested a lot of work
and eagerness in this task, nevertheless they have offered hardly anything
substantial to treat differential equations of higher orders, either to construct
them or to integrate them. Differential equations of second order are usually
resolved in such a way that by a suitable substitution they are reduced to
equations of first order, having done which their resolution is reduced to
a more familiar and known way: And during this task, I invented several
auxiliary tools many years ago, by means of which innumerable differential
equations of second order can be lowered to first order, and can even be
constructed or integrated. But concerning differential equations of third or
higher order similar artifices, by which they can be reduced to a lower order,
are hardly or even not available, since this way one gets to so complicated
differential equations of second or higher order that they can not be treated
any further at all. Therefore, the method I am going to explain here and by
means of which many differential equations of higher orders can be integrated
immediately without any previous reduction and the integral equation can be
exhibited in finite terms will be quite useful for this task.
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hed in Miscellanea Berolinensia 7, 1743, pp-. 193-242, reprint Opera Omnia: Series 1, Volume
22, pp. 108 - 149, Enestrom-Nummer E62, translated by: Alexander Aycock, LateX layout
by: Artur Diener, for the project ,Euler-Kreis Mainz”



§2 Let y and x be variables in which the differential equation of arbitrary
order is contained, in which equation the element dx is assumed to be constant,
and let the other variable y and its differentials dy, ddy, d®y etc. have one
dimension in each term such that the equation, of whatever order it is, has
the following form:
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in which the letters A, B, C, D etc. denote either constant quantities or such
involving the other variable x in any way. But it is obvious that this equation
extends quite far; for, not only because of the general coefficients A, B, C, D
etc., which we at the same time assume as arbitrary functions of x, is it very
general, but it also contains differential equation of any order as a special case.

§3 First it is certainly perspicuous that, aside from the constant quantities
found in the differential equation, the complete integral equation must also
contain so many constant quantities as of which order the propounded diffe-
rential equation was. For, if we put that the order of the differential equation
is n, such that the last term of it is

Nd"y
dxn ’

by one integration it will be reduced to order n — 1, by two integrations done
successively to order n — 2, by three to order n — 3 and so forth. From this it
is understood that just after n integrations one gets to an integral equation
expressed in finite terms. But since by each integration one arbitrary constant
enters the integral, it is obvious that the complete integral must contain n
arbitrary constants.

§4 Therefore, the complete integral equation contains as many arbitrary
constants as the exponent n contains units; and this integral equation is to be
considered to extend as far as the differential equation of order #n, such that
no finite value assumed for y can satisfy the differential equation which is
not also contained in the complete integral equation. But if in this complete
integral equation one or more of those arbitrary constants are determined
arbitrarily, then one will certainly have an equation answering the question,
but it will no longer be complete, but only a particular integral equation,



which does not contain all possible values of y satisfying the differential
equation. Therefore, the complete integral equation must be distinguished
carefully from the particular one; and if we want to satisfy the differential
equation perfectly, we have to find the complete integral equation.

§5 But a criterion see, whether the exhibited integral equation is complete or
not, is easily derived from the things mentioned. For, first the propounded
differential equation must be satisfied, which happens, if after the substitution
the identical equation results; for, otherwise that equation would not be the
integral equation. Furthermore, it is necessary that the integral equation
contains as many arbitrary constants as of which grade the propounded
differential equation was. For, if there are less constants in it, then the integral
equation will not be complete, but just particular. But in the enumeration of
the arbitrary constants one has to be careful not to be fooled by the number of
different letters and not to count those as arbitrary constants which depend
on each other.

§6 To understand the difference between complete and incomplete differen-
tial equations more clearly, it will be helpful to have illustrated this in an
example. Therefore, let this differential equation be propounded

aady + yydx = (aa + xx)dx,

which is clear to be satisfied by the value y = x, which substituted in the
equation produces the identical equation. Therefore, y = x is an integral
equation, but by no means complete, since it neither contains the constant a,
which is found in the differential equation, nor another arbitrary constant, as
an differential equation of first order requires it. Therefore, somebody would
be vehemently wrong, who would want to sell this equation ¥ = x as complete
integral of this one
aady + yydx = (aa + xx)dx;

for, the complete integral is
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y=x+

which setting the arbitrary constant b = 0 gives the particular integral y = x,
of course.



§7 In like manner, we see that this differential equation of second order

xdy n axddy
dx ax?

is satisfied by this finite equation y = x; but a lot is missing that it is the
complete integral and exhausts the complete meaning of the differential
equation of second order, since the complete integral equation, aside from the
constant 4, must contain two arbitrary constants. Indeed, we see that also this
equation y = nx satisfies, which, since in contains one single constant #, is
still just particular. But the complete integral is

X
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which aside from the constant a contains the two arbitrary constants b and n;
as the matter if things require.

§8 But since all particular integral equations are contained in the complete
one, it is plain that the complete integral consists of many particular integrals;
and hence the complete integral is conflated from particular integrals. Many
times it is certainly as difficult to derive the complete integral or at least a
further extending integral from several known integral as to derive the same
from the differential equation by integration. But the equation we want to
treat,

Bdy N Cddy N Dd3y N Ed*y
dx dx? dx3 dux?
is of such a nature that knowing two or more particular values of y from these,
one can easily form a further extending value of y containing all those values.
And this way one will be able to construct the complete value or the complete
integral equation from a sufficient number of particular values.

0=Ay+

+ etc,

§9 But first it is understood, if p was a convenient value of y such that y = p,
that then also will be y = ap; and if the value p substituted for y renders
Bdy = Cddy

A __J
y+dx+dx2

+etc=0

then the value ap substituted for y will cause the same vanishing expression:
and this way one arbitrary constant « can be introduced into the particular



integral equation y = p. But if furthermore y = g satisfies the propounded
equation, then in like manner also y = Bg will satisfy; but from these two
particular values y = ap and y = Bgq one will conclude this further extending
one

y=ap+pq.
For, if the expression
Bdy Cddy Dd%
dx a2 T as

is rendered equal to zero having written so ap as for By for y, it is obvious
that at the same expression must become equal to zero, if one writes ap + By
instead of y.

+ etc

Ay +

§10 In like manner, if p, g, r, s etc. were functions of x of such a kind that
each substituted separately for y causes the expression
Bdy = Cddy

Wt

+ etc

to vanish, then also this value
ap + Bq+ yr+ 6s + etc

if substituted for y will produce an expression equal to zero. Hence if p, g, 7, s
etc. were particular values of i, which came from the propounded equation,
then from them this a lot further extending value is concluded

y:ap—}—ﬁq—l—’)/r—l—(SS—i—etC

also satisfying the propounded equation. And this value will hence be com-
plete, if so many constants &, B, 7, J etc. are found as of which order the
propounded differential equation was. Therefore, we obtained a simple me-
thod to assign the complete value containing all satisfying values of y from
many particular values of y: and so one will have the complete integral
equation in finite terms.

§11 Therefore, the whole task of finding the complete integral of the pro-
pounded differential equation
Bdy Cddy Dd3% Nd"y

0=4y+ dx + dx? + duxd +”'+W




reduces to this that we investigate particular values which substituted for y
lead to the identical equation. But so many particular values will be necessary
until by collecting them in the prescribed way so many arbitrary constants
are there as the highest exponent n contains units. Hence if each particular
equation comes with one arbitrary constant, n equations of such a kind are
required to constitute the complete integral equation. But if one of these many
particular equations contains more than one arbitrary constant, then one will
need less particular equations to derive the complete equation from them.

§12 Now let all letters A, B, C, D etc. denote constant quantities such that
this differential equation of order n must be integrated

Bdy Cddy n Dd3y 4. Nd"y
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Since y with it differentials has the same dimension everywhere, according to
my method given in Tomus III. Commentariorum Academiae Pertrpolitanae
this differential equation is lowered by one order, if we put

y=e f pdx,
whence the differentials of y will be

dy _ Jrdxy,
dx ©
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if which values are substituted in the propounded equation, it can be divided
by e/ 74¥, and a differential equation of order n — 1 will remain.

§13 But here first it is plain, if one takes a constant p, such that its differentials
dp, ddp, d3p etc. vanish, that then, because of the constant A, B, C, D etc., the



variable x will go out of the equation completely; and by this hypothesis, the
following algebraic equation will result

0=A+Bp+Cp>+Dp’+Ep*+---+ Np",

if from which any value of p is found, one will at the same time have a
particular integral y = eP* satisfying the propounded differential equation;
therefore, as we saw, also this equation y = aef* will satisfy, as often as p was
a constant quantity and a root of this algebraic equation

0=A+Bp+Cp>+Dp’+ -+ Np".

§14 Therefore, we reduced the invention of particular values for the variable
y to the resolution of an algebraic equation of order 1, for which we want to
take this one

0=A+Bz+Cz*+ Dz’ +---+ Nz",

and each root or divisor of this equation will give as many particular values
of y. For, if py — g was a divisor of that equation, from which z = 7 results, it
will be "
y=uwer;

this particular value contains one arbitrary constant a. But since that algebraic
equation of order n contains n roots or divisors, hence also n particular values
will result for y; these taken together will give the universal value for y; and
this will at the same time be the complete value, since it contains n arbitrary
constants.

§15 Therefore, if all roots of this algebraic equation of order n were real,
then the complete value for y will result expressed in real terms, and it will
be the aggregate of n exponential formulas of this kind xe?**F, and in this case
the integrals can even be expressed only by logarithms or the quadrature of
the hyperbola. But if some of the roots of that equation were imaginary, then
imaginary exponential formulas will enter into the complete integral; I will
teach how to construct these by means of the quadrature of the circle below.
The main difficulty occurs, whenever two or more roots of the equation are
equal; for, then, because of the equal exponential formulas, the number of
arbitrary constants is lowered and for that reason the found integral will not
be the complete one anymore.



§16 We will deal with each of both inconveniences, if we contemplate the
connection between the propounded differential equation

_ Bdy Cddy Dd3 Nd"y
0=Ay+ ax | ae i dxn

and the formed algebraic equation

0=A+Bz+Cz2+Dz>+ .-+ Nz"

more attentively. For, as the second originates from the first, if one writes
z% instead of Y, z instead of %, and in general z¥ instead of %, so in like
manner from each factor of the algebraic equation a differential equation will
be formed, which will necessarily be contained in the propounded differential
equation and from which hence particular values for y will be found. So, if
pz —q or g — pz was a divisor of the algebraic equation, from this by the law
of the connection this differential equation originates

_pdy _
Y=gy =0,

which integrated gives
ﬂ
y=uwer,

which is the one which we found from the factor pz — g.

§17 Hence it is understood, if one has an arbitrary divisor of that algebraic
equation, say p + gz + rzz, that then the equation which must arise from this
divisor

qdy | rddy _

g e 70

gives a value for y which also satisfies the propounded differential equation.
From this we will therefore be able to get rid off that difficulty which occurred,
if the algebraic equation has two or more equal factors. Therefore, let (p — gz)?
be a divisor of the algebraic equation, and from this in expanded form this
differential equation of second order will result

2pqd dd
ppy - P T <o,
Let us put
y= e u,



and after the substitution we will have ddu = 0, and hence u = « + Bx. Hence
form the quadratic factor (p — qz)? the following value results

y= e%(a + Bx),

which contains two arbitrary constants.

§18 If the algebraic equation has the cubic divisor (p — gz)°, then this equa-
tion will be contained in the propounded differential equation

3 d 3pggdd 343
3, oppqay pqqady g dy _
Py dx + dx? dx3 0,

which for "
Y= el u

is transformed into this one: d®u = 0; hence u = a + Bx + yxx originates,
from which the propounded equation is satisfied by this value

px

y=ei (a+ px+ yxx).

And if in like manner the algebraic equation
0=A+Bz+Cz*>+ Dz’ +--- 4 Nz"

has fourth power divisor (p — gz)*, then from it this satisfying particular
equation will arise

= 3
y=-e7(a+ px+yxx+x°).

And if in general (p — gz)¥ is a divisor, the value arising from this will be

o 3 k—1

y=-ei (a+ px+ yxx 4 ox +ex" ),

such that it involves k imaginary constants.
§19 Who still has any doubt whether this way from the composite divisors,
in which z has more than one dimension, of the equation

0=A+Bz+Cz*>+Dz®+ .- + Nz"

the values for y are deduced correctly, which satisfy the propounded equation

Bdy Cddy Dd? Nd®
y  Cddy Ddy y

0=A4y+ dx dx? dx3 dxm ’



this doubt will be removed easily by the matter of things. Let a somehow
composite divisor be
p+qz+rzz+sz3—i—etc

and from it form the equation

qdy N rddy N sd3y

0=ry+ dx  dy? = dad

+ etc;

and it will become clear that complete value of y for this equation results, of
all values of y which the simple divisors of this equation give

0=p+qz+rzz+s2 +etc,

are collected into one sum; but the simple divisors of this equation are at the
same time the simple divisors of this one

0=A+Bz+Cz>+Dz3+--- 4+ Nz";

and for this reason the value of y arising from that composite factor it at the
same time a satisfying value of the propounded differential equation

Bdy L Cddy

Dd3y Nd"y
dx T de L

dx3 dxm

+

0= Ay +

§20 But having found the values of y resulting from several equal simple
divisors of the equation

0=A+Bz+Czz+Dz>+---+ Nz",

the other difficulty we have to solve remains, i.e. if this equation has imaginary
roots. But it is known, if a certain equation has imaginary roots, that their
number will always be even; and I showed on another occasion that by
conjugating these imaginary roots they can be split into pairs of such a kind
the sum and product of which become real. Hence instead of imaginary
divisors real composite divisors of degree two of this form will result

p—qz+rzz,

which have imaginary simple divisors. Therefore, in such a composite divisor
qq < 4pr; hence

q
2\/ﬁ<1'

10



Therefore, having put the complete sine = 1 zqﬁ, will be the cosine of a real
angle, which shall be = ¢ and it will be*

g =2,/prcos Ag,

from which the general form of the composite divisors the imaginary factors
contain will be of this kind

p —2z\/prcos Ag + rzz.

§21 Therefore, let
p—2z\/prcos Ap +rzz

be a divisor of such a kind of the equation
0= A+ Bz+ Cz* +etc,

from which the corresponding value of y must be found. But from this divisor

this differential equation of second order results

2dy,/pr rddy
dx dxz’

0=py— cos Ap +

to integrate which put
y=e fxcos Acpu

and, for the sake of brevity having set f = \/g, it will be

ffudx?sin®> Ag + ddu = 0.
Multiply by 2du and integrate, it will be
ffuudx?sin® Ap + du?® = a*ffdx?sin® Ag,

whence

du

dxsinAp = ——;

f = 53
this gives integrated

fxsinAp+ B = Asing.

"Note: In the following A is not to be understood as a constant, instead Euler writes cos A
and sin A¢ instead of the modern cos ¢ and sin ¢ in this paper. A stands for the Latin word
Arcus i.e. arc in English.

11



From this equation
u=uasinA(fxsin Ap + B).

As a logical consequence one has
y = ae/*4%gin A(fxsin Ag + B),

which will be the corresponding value of y for the propounded equation.

§22 The same or an equivalent expression for y is derived from the simple
even though imaginary factors of the equation

0=p—2z/prcos Ap + rzz,
which for f = \/E goes over into this one
0=ff—2fzcos Ap + zz,
the roots of which are
z= fcos Ap+ f/—1sin Ag.
Hence for y these values result
ofxcos Ap+fxy/—1sin Ag and ef¥cos Ap—fxy/—1sin A(p,
having combined which
y = ofxcos Ag (ﬂe+fxﬁsmA<p + Qeffx\/jlsinA(p> .
But having converted these exponentials into series it will result
y = efreosag {(17 +0) (1- ey f?f's;g;@ +etc)
(1 —0)v—-1 (fxsinA(p — [aosin Ay +etc) :
Therefore, having put

n=0+a and (n—0)vV-1=258

and having summed these infinite series it will result
y = ef ¥ 49 (g cos Apfxsin Ag + Bsin Afxsin Ag);

this expression is easily reduced to the first.

12



§23 Hence we obtain a method to find the value of y, if two or more of these
composite divisors were equal. For, let

(ff —2fzcos A + zz)?
be a divisor of the algebraic equation; since it is reduced to
(z— fcos Ap — fv/—1sin Ap)?*(z — fcos Ap + fv/—1sin Ag)?,
by the preceding results the value which must originate from this for y will be
y = efxcosA(erfxﬁsinA(p)(U +0x) + efxcosAga—fxﬁsinA(p([ + x).
But since
e+fxﬁsinAq;;7 + effx\/jlsinAq)[
=ncos Afxsin Ap + Bsin Afxsin Ag,
one hence concludes that it will be

y = /X A9 [(x + Bx) cos Afxsin A + (7 + 6x) sin Afxsin Ag] .

§24 But if a cube or another power of
ff—2fzcos Ap + zz
was a divisor of the algebraic equation
0=A+Bz+Czz+Dz®+---+ Nz",

then from the same powers of simple imaginary factors find the values of
y according to § 18 and combine them into one sum. Having done this the
imaginary exponential quantities can be converted into sines and cosines of
circular arcs by means of this lemma

e+fx\/jlsinAg0}7xk _{_effx\/jlsinA(pexk
—ax* cos Afxsin Ag + Bxksin Afxsin Ag.
So if
(ff —2fzcos Ap + zz)*

was a divisor of the algebraic equation, then from it the following integral
equation will originate

y = ef* 49 [(y + Bx + yx? + 6x%) cos Afxsin Ag
+ (e+ Jx+nx* + 0x°)sin Afxsin Ag] .

13



§25 Those expressions can be transformed in many ways, depending on
whether the constants are expressed in the one or the other way. But that
transformation seems to be most convenient in which the values of y are
reduced to the for found in § 21. So this form

uxk cos Afxsin Ap +vx*sin Afxsin Ag,

if one puts
u=AsinAp and v = AcosAp,

will be transformed into this one
AxFsin A(fxsin Ag + p).
For that reason from the indefinite factor of the exponent
(ff —2fzcos A + zz)*
the following value of y will be formed:
y = ef ¥ 49 (g 5in A(fxsin Ap +A) + Bxsin A(fxsin Ap + B)
+yx2sin A(fxsin A + &) + - - - + sx*Lsin A(fxsin Ap + 8)),
and this way from all divisors, however they were composited, real values for

the variable y are found.

§26 Concerning the arbitrary constants entering into the values of y to be
found this way; it is plain that first from the simple factors of the form f —z
values of y containing one arbitrary constant result; further, the value of y
originating from the factor (f — z)* contains k arbitrary constants. Furthermore,
from the composite factor

ff—2fzcos Ap + zz

a value of y containing two arbitrary constants results; and from a power of
factors of this kind
(ff —2fzcos A + zz)*

a value of y is formed, in which 2k arbitrary constants are found; such that
the number of arbitrary constants is equal to the number of dimensions of z
this variable obtains in the divisor, from which the values of y is found.

14



§27 Therefore, if the algebraic equation we formed from the propounded
differential equation

0=A+Bz+Cz2+Dz®+Ez*+ ...+ Nz",

is resolved into its either simple or composite real factors or such which are
powers of the simple or composite ones, and in the described way from each
one of them the corresponding values of y are formed, then all these values of
y considered together will contain so many arbitrary constants as units are
found in the exponent n. Therefore, all these values collected into one sum
will not only yield a value for y satisfying the propounded equation

Bdy = Cddy N Dd3y L Nd"y
dx dx? dx3 dxn ’

0= Ay +

but this will be the complete value of y containing all possible values satisfying
this equation. Therefore, this way that differential equation is integrated
perfectly in finite terms, and the integral never requires any other quadratures
than those of the hyperbola and the circle.

PROBLEM I

If a differential equation of order n of this kind was propounded

Bdy Cddy Dd% y Nd"y
dx dx? dxs dxm ’

0=Ay+

in which the element dx is put constant, and the letters A, B, C, D, ---, N
denote arbitrary constant coefficients, to find the integral of this equation in
finite real terms.

SOLUTION
Write 1 instead of y, z instead of %, z2 instead of % and in general z* instead
k
of 2¥; and hence form the following algebraic equation of n dimensions

dxk”

0=A+Bz+Cz>+Dz*+---+ Nz".

Further, find all real simple divisors of this equation; and, if it has imaginary
divisors, instead of them take composite real divisors, in which z has two

15



dimensions, since a two imaginary factors always constitute one composite
real factor. Furthermore, from each divisor form particular values of y in the
following way. Of course, from each simple factor, if there are no others equal
to it, of this form f — z this value originates

y = ael*.

But from two or more equal factors taken together the values of y must be
determined. For, from the factor (f — z)? this value originates

y = (a+pr)e,
from the factor (f — z)? this value originates

y = (a+ Bx + yxx)e/%;

k

and in general from the factor (f —z)* one deduces

y=ef¥(a+ Bx +yxx+ - 4 a1,
Concerning composite factors, if that algebraic equation has the factor
ff—2fzcos Ap + zz,
which is not a multiple factor, the value which must arise from it will be

y = /¥ 4%y gin A(fxsin Ag 4 2).
If the algebraic equation has two equal factors of this kind such that it is
divisible by
(ff —2fzcos A + zz)2.
then from this quadratic divisor the following value results
y = ae/ T4 sin A(fxsin Ag +2A) + Bxe/ ¥4 sin A(fxsin Ag + B).
But if any arbitrary power of this factor, say
(ff —2fzcos Ag + zz)k,
was a divisor of the algebraic equation, then from it the following value results
y = aef* A9 sin A(fxsin Ap + ) + Bxef A9 sin A(fxsin Ap + B)
+ yx2e/*cs A9 5in A(fxsin Ag + €) 4 dx3e/¥<5 A9 sin A(fxsin Ap + D)
4o sk lefY s AP gin A(fxsin Ag 4 R).

16



But having found the respective values of y from each divisor of the algebraic
equation this way, it just remains that all these values are collected into one
sum, and this way the complete value of y will result; and this is the one
which would have resulted, if the propounded differential equation of order
n would be integrated n times. Q.EL

EXAMPLE 1

§29 To find the integral of this differential equation of second order

B bdy  cddy
O—ﬂy—Fa‘*’ a2

Having written 1 instead of y, z instead of % and zz instead of %, as it
was prescribed, this equation results

0=a+bz+czz

it will either have two real roots or two imaginary ones; the first happens, if
bb > 4ac, the second, if bb < 4ac. Therefore, let bb > 4ac first, and the two

roots will be
. —b 4 v/bb — 4ac
- 2¢

and in this case the integral in question will be

—bx+x+/bb—4ac —bx—x+/bb—4ac
2c 2c

+ Be

Here the case bb = 4ac is to be considered separately, for, then

Yy = e

a+2zv/ac + czz

will be a square, namely
(Va+zyc)?,

which compared to the form (f — z)? gives

whence the integral will be

y=(a+px)e Ve,

17



which is the integral of the equation

2dy+/ac n cddy

0=ay+ dx dx?

Now let bb < 4ac, and the equation
0=a+bz+czz
will have no real roots, therefore, compared to the formula
ff—2fzcos Ap + zz
it gives
b a
o= —2fcos Ap and - =ff;

hence it will be

a —-b
f—\/: and CosA(p—z\/%

4ac — bb
2\/ac

and thus
sin Ap =

whence the following integral results

Y= (xe% sin A (x 46;66_ bb + 2[) .

EXAMPLE 2

§30 To find the integral of this differential equation of third order

_ 3addy N 2a%d3y
dx? dxd -

0=y
Therefore, from that equation this algebraic one results
0=1-3a%zz+ 2a3z3,
which is resolved into these factors

(1+2az), (1-az)%

18



The first factor 1 + 2az compared to f — z gives

—1
f=2

whence it results
_Xx
y = e Za;

the second factor (1 — az)? must be compared to (f — z)?, from which

1
f=2
and hence it results
y=(B+7rx)es.

Therefore, the complete integral of the propounded equation will be

X
a .

y= pe (B+yx)e

EXAMPLE 3

§31 To find the integral of this differential equation of third order

a*d3y
dxd -

O=y—
The algebraic equation resulting from this equation will be
0=1-a2,
which is resolved into these factors:
(1—az), (1+az+a’zz),

such that its divisors are

the second of which can not be resolved into real simple ones. Therefore, that

divisor 1 — z gives for the integral

X
a

y = aea,



the other divisor .
z
—+ - +zz
aa  a

compared to the form
ff—2fzcos Ap + zz

gives
f—l and —2cosAg 1
g a a’

such that
V3

4

1
cos Ap = —5 and sinAg =
hence from this divisor it results

y= ,Be*ﬁ sin A (xf —I—Ql) .

Therefore, the complete integral of the propounded equation will be

Y= xes + ﬁe_ﬁ sin A (xf + 2l> .

EXAMPLE 4

§32 To find the integral of this differential equation of fourth order

atdty
dx* -

O=vy—
From this equation this algebraic equation will be formed
0=1-a"",

which has to simple real divisors

1 1

——z and - +z

a a
the remaining two imaginary ones are contained in this composite one

1
— + zz.
aa
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The two simple divisors give for the integral
y= axa + ,Be’ﬁ.
But the divisor 1
— +2zz
aa
compared to the form
ff—2fzcos Ap + zz

gives
f= % and cosAgp =0
and hence
sin Ap = 1.
Therefore, the exponential term
ofxcosAg.

because of the exponent = 0, becomes 1, and it will be
i X
y=ysinA (E +2l> .
Therefore, the complete integral will be
x _x . X
Yy = neas + fe a —i—’ysmA(E—i—Ql).

EXAMPLE 5

§33 To find the integral of this differential equation of fourth order

atdty
dxt -

O=y+
Therefore, one will have to resolve this algebraic equation
0=1+a*z?

since it has no simple real divisor, it is resolved into these two composite real
factors
1+ azvV2+aazz and 1—azVv2 + aazz,
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which divided by ag, that they can be compared to the form
ff—2fzcos Ap + zz,
will give
1 zv2 1 zv2
a

— 4+ —+zz and — — —+zz
aa a

for each of them f = % ; but for the first

-1
sAp = ——,
fcosAg G

for the second

1
CoOsAp = ——;
f $= 7
and hence for each of them
. 1
fsinAp = ——.
av?2

From these the complete integral of the propounded equation results

_x_ X X X
=wne V2sinA| ——=4+A) +Ber2sinA| —=+B ).
Y (a\/i > P (aﬁ )

EXAMPLE 6

§34 To find the complete integral of this differential equation of seventh
order

Hence this algebraic equation of seventh order results
0=1+zz+22+2'+2°+7,
which is resolved into the following real simple and composite factors
(1+z), (1+z+zz), (1-z+2z22)>

The first of them compared to the form f —z gives f = —1, and hence it
results
y=uone
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But the factor 1 + z + zz compared to
ff—2fzcos Ap + zz

gives
1
f=1 and cosA¢ = Y

whence

sinAg = é

2
and the integral arising from this

y=pe 2sinA <x\2@ +QK> .

The third factor (1 — z + zz)? must be compared to
(ff —2fzcos A +zz)?,
whence
f=1, cosAgp= % and sinAg = \f
Therefore, hence this integral results

X x 3
y =7ezsinA (JC;@ —HB) + Jdxe2sin A (JC\Z[ +€> )

For that reason the complete integral of the propounded differential equation
will be

y=ae " + e ZsinA (36\26 + Ql)

—{—’ye% sin A (26\2@ + ’B) + Sxe? (x;@ + QZ) ,

in which seven arbitrary constants are contained, of course.
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EXAMPLE 7

§35 To find the complete integral of this differential equation of eighth order

0 &’y  3d'y  4d’y 4d%y 3d7y d%
dx®  dxt dx® dx® dx?  da®’

The algebraic equation of eighth order that must be resolved will be
0=2z>—3z% +42° —42° + 377 — 28,

this is at first clear to be divisible by z*, which divisor compared to the form
(f —z)® gives f = 0, and hence one finds for the integral

y =+ Bx+ yxx.
Having taken this divisor into account it remains to resolve this equation
0=1-3z+42z— 42> +32* - 2,

which is detected to be divisible by 1 + zz, having compared which to the
form
ff—2fzcos Ap + zz

we find
f=1 and cosA¢ =0,

whence sin A = 1; and hence it results
y=10sinA(x+2).
Further, having done the division by 1 + zz, this equation remains
1-32432z—22=0=(1-2)%

therefore, in the form (f —z)> we have f = 1, and the integral which must
result from this is
y = (e+{x+nxx)e’.

As a logical consequence the complete integral of the propounded equation is

y=a+Px+yxx+osin A(x +2A) + (e + {x + nxx)e”.

24



EXAMPLE 8

§36 To find the integral of this differential equation of indefinite order

d"y
0= :
dx”
Hence this algebraic equation results
Z" =0

since all its roots are equal, it must be compared to the factor (f — z), and
it will be k = n and f = 0, from which immediately the integral in question
results as
y=a+Bx+yx>+6x°+- - +vx" L

But this same integral is easily found by 7n successive integrations. For, in the
tirst integration it results

dnfly '
T dxn-1

multiply by dx and integrate a second time, it will be

114

dn—zy
dxn—Z :

This one multiplied by dx and integrated a third time will give

ax + B =

axx dr—3

_ Y
o TRTTE o

and so forth, if the integration is repeated n times, having changed the
expressions of the constants the integral will result which we found by our
rule.

§37 By means of this method one can also integrate many other differential
equations of indefinite degree, which lead to algebraic equations, the real
either simple or composite factors of which can actually be exhibited. But
since this is not the place to give a method to investigate divisors of equations
of an indefinite number of dimensions of this kind, here we will additionally
treat differential equations of such a kind which lead to algebraic equations
the factors of which are already known from elsewhere. But equations of this
kind are
fi+z"=0 and f*+2pf'z" 422" =0;
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for, all real so simple as composite or trinomial factors of these expressions
were exhibited by the supreme mathematicians Cotes and de Moivre, which
we will therefore assume as known in the solutions of the following problems.

PROBLEM II

§38 If this differential equation of order n was propounded

d"y

O:y_dx”'

in which the element dx is put constant, to find its complete integral.

SOLUTION

Haven written 1 instead of y and z" instead of 33 , as we prescribed, one will
have this algebraic equation

0=1-7"

of which 1 + z is always a simple divisor and, if n was an even number, also
1+ z is a simple divisor. But all remaining simple divisors are imaginary, and
they are contained in this general form

1 —ZZcosAziﬂ +zz

(where 7t denotes half of the circumference of the circle whose radius is = 1);
this compared to the general trinomial factor

ff—2fzcos Ap + zz

gives
f=1 and ¢ = 21:17[,

such that this divisor gives the integral value
n 2k
y= we® s A% gin A (x sinATN + Ql) .

If now all even numbers not exceeding the exponent n are successively sub-
stituted for 2k, all possible values will result, which substituted for y satisfy
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the equation. Indeed, even the value of y arsing from the simple factor 1 — z,
which is y = ae¥, is contained in this general form; for, having put k = 0

cosAZkTN =1 and sinAZan =0

and hence y = ae*, because of the constant sin A% absorbed into the constant.
In like manner, if 7 is an even number, the value of y which must arise from
the factor 1 + z, which is y = ae™, results from the general factor for 2k = n;
for, then

cosAZIZT =—-1 and sinAzlff =0,

such that the value which must result from the general factor is y = ae™~.
Therefore, the complete integral will be obtained, if in this general form

n 2k
y= ae* s A% sin A (xsinAnn + 91)

all even numbers from 0 to n are successively substituted and these values are
collected into one sum. Therefore, the complete integral in question will result

n 2

y =ae* + [Se“(’s“‘27 sin A <x sinA% + %)
™ 4

+ ’ye"“’“147 sin A (x sinA% + C)

+ 5e¥ s A5 gin A <x sin A%t + @)

+ ¥ O AT gin A (x sin A%T + 6)

+ etc,

which terms must be continued until one has n arbitrary constants, or, what
is the same, until the coefficient of 7 is larger than 1. But, if n was an odd
number, the last term will be

(n-1)__ . (n—=1)m
= ve¥ S AT Tgin A <x sin (n) + ‘J’t) ;

but if n is an even number, the last term will be = ve™ and the penultimate

term will be

(n—2)

= ue*s 4 Tsin A <Jcsir1A(n_nz)7r +E)Jt> .
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Therefore, for each value of n the complete integral will be assigned in
convenient manner. Q.E.L

§39 To present these integrals more clearly, let us exhibit the integral of the
equation
d"y
0=y—
NPT

for each value of n starting from 1:

1. The integral of this equation 0 = y — %

X

y = e’

2. The integral of this equation 0 = y — % is:
y=we" + fe .

3. The integral of this integral 0 = y — % is:

2
Yy =oae* + ﬁexCOSA%”sinA (x sinAgn + ‘B) .

4. The integral of this equationis 0 =y — % is:

y=uwe*+ BsinA(x+B)+ye .
5. The integral of this equation 0 =y — Y j:
X xcos AZm : 2
y = e’ + Pe 5" sin A (xsmASn—i—%)

4
+ 'yexc"SA%” sin A (x sin Agn + (€> .

6. The integral of this equation 0 = y — 5% is:

1
y = ae’ + ,BeXCOSA%"sinA <xsin A§7‘L' + ‘B)

+ ’YexCOSA%" sin A (x sin A%n + @) +de ™.
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7. The integral of this equation 0 = y — 4y s

dx”

2
y = ae* + ,BeXCOSA%”sinA <xsinA77T+ %)
+'ye"C°SA%”sinA <xsinAL;7t+ Qﬁ)
+ 5e¥ s A3 gin A (xsinAgn—i—@) .

8. The integral of this equation 0 =y — 4 s
1
y = ae* + 5e"C°5A}I”sinA <xsinA47r + ‘B) + ysinA(x + €)
xcos Adm . : 3 —x
+ de i"sin A <xsmA47r+’D>+£e .

etc.

PROBLEM III

§40 If this differential equation of indefinite degree n was propounded
d"y
dxn’

having put the element dx constant, to find its integral.

O=y+

SOLUTION

Having written 1 instead of y and z" instead of SZ‘Z, this algebraic equation

will result 0 = 1 4 z", if which number 7 was odd, it will have the simple real
divisor 1 + z, from which y = ae™ results. All remaining simple divisors are
imaginary; but each two of them are contained in this real trinomial factor:

1-— 2zc:osA2

T+ 2z,

and this expression suggests all divisors of the form 1 + z", if all odd numbers
not larger than n are successively substituted for 2k — 1. But having compared
this formula

1 —chosAZk_ 1

T+ 22
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to the general factor
ff—2fzcos Ap + zz,

we have
2k —1

n
therefore, hence the following value for y arises

f=1 and ¢ =

7T

2k—1

y = ae* A% Tsin A <xsinA2kn_17t—|—91> .

And in this general value even the value of y which must originate from the
simple factor 1 + z, if n was an odd number, is contained; for, in this case
y = ae ¥, if 2k — 1 = n; for, then

T=cosAmr = -1

cos A

and its sine = 0. Therefore, the complete integral of the propounded equation
will be found, if in this form

- 2k -1
y= we* s A% gin A <xsinAkn7T—|—Ql)

all odd numbers 1, 3, 5, 7 etc., which are not greater than the exponent 7, are
successively substituted for 2k — 1 and all those values are collected into one
sum. Therefore, this way the complete integral in question will result

y= xe* O A7 gin A (xsinAin—k Ql)

xcosA%n

+ ,Be“OSA%”sinA <x sinA%n + ‘B)
sinA(

+ e xsinA:n—H’:)

7
+ Se¥COSATT ¢in A (x sinA—mT+9®
n

+ etc,

which terms must be continued until n arbitrary constants will have entered;
this will happen, if from the series

, , etc
n
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everything not greater than 1 is taken. But the last term, if # is an even number,
will be

n— -1
ve¥Cos AN gin A <x sinAnTr[ + ‘ﬁ) .
But if n is an odd number, the last term will be:
—X

ve %,

the penultimate on the other hand
xcos A"=27 . : n—2
ue nTsin A <xsmAn7T+9ﬁ>,
whence the complete integral is easily assigned in each case. Q.EL

§41 To explain this integral more diligently let us expand several simpler
cases putting, as we did in the preceding problem, the integer numbers 1, 2, 3,
-+, 8 for n; so that the ability of this integration is seen more clearly.

1. The integral of this equation 0 =y + % is
Yy =ne

ddy

2. The integral of this equation 0 =y + 3.7 is

y=asin A(x + ).
. . . Py .
3. The integral of this equation 0 =y + ¥ is
y = e 5 A3 gin A (x sin A%n + Q[) + pe ™.

4. The integral of this equation 0 = y + % is
Y= we* s A3 sin A (x sin Ain + Ql)

,Be“OSA%”sinA <x sinAZrt + %) .
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. The integral of this equation 0 = y + i% is
5 g q Yy dx
1
Y= we™ 0457 sin A (xsin 57T+Ql>
xcos Adm : % —x
+ Be 57sin A xsmA57r—|—‘B +ye .

6. The integral of this equation 0 = y + % is

1
y = xe* S AT gin A (x sinAgrt + %) + Bsin A(x +B)
+ yer o AGT gin A (x sin Agn + e:) .

7. The integral of this equation 0 = y + % is

1
y= e SAT gin A (x sinAart + 2[)

+ 5e“°SA%” sin A (x sin A;n + %)

5
+ fye"“’SA%” sin A (x sin A;ﬂ + Qﬁ) + de .
8. The integral of this equation 0 = y + % is

1
y= e S AT sin A <xsinA87r—|—Ql>
+ Be" O A sin A <xsinA27'c+ B

+ 'ye"COSAg”sinA <x sinAgn + C)

7
+ St OSAFT gin A (x sin Agn +2

PROBLEM IV

§42 If this differential equation of order 2n was propounded:

B 2hd™y  d*"y
0=y+ g * gow
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having put the element dx to be constant, to find its integral while hh > 1.

SOLUTION

n 2n
If according to the rule we write 1 for y, z" for gxz and z%" for szz, this
algebraic equation results

0=1+2hz" + %",

which because of hh > 1 is resolved into these two factors:

2"+ h+ Vi =1] [+ h = VR =1]
But we want to consider & as a positive quantity here; and for this reason, so

h++vVhh—1 as h—+vhh—1
will be positive quantities. Therefore, let
h+Vhh—1=4a" and h—Vhh—1=10",
such that ab = 1. Therefore, this equation will be resolved into two factors:
0=(z"+a")(z"+1")

and each real trinomial factor of the first will be contained in this form:

aa —2azcosA2n -1

T+ 2z,

of the second on the other hand in this one:

bb — 2bz cos A2 T+ zZ.
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And one will have all factors, if in each of both forms successively all odd
numbers 1, 3, 5, 7 etc. are written for 2k — 1

y = Ae™ 4T sin A (ax sinA%n + m)
+ Be™cos AT gin A (ax sin A%TL’ + %)
4 Cem*eos AT gin A (ax sin A%n + Q:)
+ De*cos AT in A <ax sinA%Tc + ©> + etc
+ xel¥OS AL gin A <bx sin A%T[ + a)
+ ‘Bebxc"SA%” sin A (bx sin A%TC + b)
(

5
+ ’yeb"COSA%" sin A | bxsin Aﬁn + c> + etc

Q.E.L

PROBLEM V

§43 If this differential equation of indefinite order 2n was propounded:
_ 2hd"y | d*y
dat - dx?’

having taken dx as a constant and while hh > 1, to find its integral.

0=y

SOLUTION

According to the rule given above here the following algebraic equation will
result

0=1-2hz"+ 2

this is first resolved into these two real factors:

0= [zn_h+m} [zn_h_m}.
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But since h denotes a positive quantity, put
h++vVhh—1=4a" and h—Vhh—1="b",
such that ab = 1; and hence this equation will result
0= (z"—-a")(z" = b").
All real trinomial factors of the first factor z"" — a" are contained in this form
aa — 2az cos Aznkn +zz,
of the second on the other hand z" — b" in this form
bb — 2bz cos AZ:TI +zz;

and one will have all factors, if in each of both forms for 2k all even numbers
0, 2, 4, 6 etc. not larger than n are successively substituted. Therefore, from
these known factors the integral in question will be concluded to be:

Ae® | BeWCosAZT gin A (axsin A%n + B)
1 Ce™¥ oS AL gin A (axsin A%T[ + €)
—kDe”"COSA%T sin A (axsin A7t + D) + etc
) n
+ael®  pebreosAigin A (bxsin A2+ b)
+yebxeos AT gin A (bxsin A2+ ¢)
1 5ebxcos AR gin A (bxsin A%T( +0) +etc

QEL

PROBLEM VI

§44 If this differential equation of indefinite order was propounded:

2hd"y  d™My

dx” dx2n’

0=y+

haven taken the element dx to be constant, to find its integral.
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SOLUTION

The algebraic equation resulting from this according to the prescriptions from
this:
0=1+2hz" —2*",

is first resolved into these two real factors:
0= [h+Vih+1—2"| [~h+ VAi+1+2"].
Let, what because of the positive quantity & is always possible,
Vhh+1+h=4a" and VEh+1—h=1",
such that ab = 1; and hence this equation will originate:
0= (a"—=2")(b"+2").
All real trinomial factors of the first factor a” — z" are contained in this form
aa — 24z cos A%kn + zz,
of the second on the other hand in this:

bb — 2bz cos AZk -1

T+ zz,

and one will have all factors, if in the first for 2k all even numbers 0, 2, 4, 6 etc.,
in the second on the other hand for 2k — 1 all odd numbers 1, 3, 5, 7 etc. not
exceeding n are substituted successively. Therefore, from the known factors
the integral in question is concluded:

(Ae™ +Be™ oA gin A (axsin A2+ B)
+CeM oS AL gin A (axsin Atm + ¢)
+De™ S AL sin A (axsin AS7t + D) + etc
+aeb¥ s AT sin A (bxsin Alm + a)
+ﬁebXCOSA%”sinA (bxsin A27 + b)
+yebreos AR gin A (bxsin A27 + ¢) + etc

Q.E.L
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PROBLEM VII

§45 If this differential equation of indefinite order 2n was propounded

~ 2nd"y d>y
dxm  dx?’

0=y

in which the element dx is put constant, to find its integral.

SOLUTION

By substitution do be done according to the rule given above hence this
algebraic equation of order 2n results:

0=1-2hz"—2*",
which at first is split into these two real factors

0= |—h+ Vi 12" [h+ VA +1+2"].
Because of the positive quantity / put
Vhh+14+h=a" and Vhh+1-h=1"V",

such that ab = 1. And one will have the following equation which is to be
resolved

0= (a"+2")(" —2z2"),
all trinomial factors of the first factor of which, i.e. a" + z", are contained in
this form:

2k —
aa — 2azcos A

T+ 2z,

of the second on the other hand in this form
bb — 2bz cos Aznkn + zz;

and one will have all factors, if in that form successively all odd numbers 1, 3,
5, 7 etc. are written instead of 2k — 1, in the first on the other hand all even
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numbers 0, 2, 4, 6 etc. not exceeding n instead of k. And therefore, from these
factors the complete integral in question will be calculated to be:

( AemXCOSALT gin A (axsin Al +9A)
+Be s AT gin A (axsin A2 + B)
+Ce™ oS ART gin A (axsin A27 + €) + etc

+aet®  4pebreos AT gin A (bxsin A7t + b)
+yebxeos AT gin A (bxsin AZ7 + c)
+0ebxcos ART gin A (bxsin A8 +0) + etc.

QEL

PROBLEM VIII

§46 If this equation of indefinite degree was propounded:

2hd™y  d*'y
dxm dx2n’

O=vy+

having put the element dx to be constant and while hh < 1, to find its complete
integral.

SOLUTION
The algebraic equation of order 2n resulting from this is
0=1+2hz" + 2%,

to find all its real trinomial factors in the circle whose radius is = 1 take the
arc w the cosine of which is = h such that & = cos Aw. Having found this arc
each trinomial factor will be contained in this form:

kT —
1—2zcos A i

+ zz,
by substituting all odd numbers 1, 3,5, 7, - - -, 2n — 1 instead of k such that

the number of these factors will be 1, as the number of dimensions requires it.
Therefore, from these known factors according to the given prescriptions the

38



integral in question of the propounded equation will be found:

T—w - . —
ae* A% sin A (xsin A=Y + a)

+ et oA sin A (xsin AT 4 p)
y=<+ e s AT gin A (xsin A2 4 ¢)
+ etc
b opercos AT G A <x sin A2—Urw | n> .

Of course, the number of terms constituting this integral is n, and hence the
number of entering arbitrary constants is 2n, as the order of differentials of
the propounded equation requires.

QEL

PROBLEM IX

§47 While again hh < 1, if this differential equation of indefinite degree 2n
was propounded:

2hd™y  d*'y
Codar T da2

having put the element dx to be constant, to find its complete integral.

0=y

SOLUTION

The algebraic equation which is deduced from this according to the given
prescriptions is
0=1-2hz"+ 2

each real trinomial factor of it, the total amount of which is #, is contained in

this general form:
km—w

1—2zcos A + zz,

if for 2k successively all even numbers 2, 4, 6, 8 etc. to 2n inclusively are
substituted. But here as before w denotes the arc of the circle the cosine
of which is h, which because of 1 < 1 can always be assigned such that
h = cos Aw. But having known all factors of the equation

0=1-2hz"+z*",
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the complete integral of the propounded differential equation will be:

( x cos A=Y

xe 7 sin A (xsin A2 4 q)
Ber<os AT sin A (xsin AY@ | p)
e COSATTE gin A (xsin A2 4 ¢)

<
I
+ + + +

8mr— . . _
JeXCcos AT oin A (xsin A« 4
etc
2nm— . . —
+  ve¥osAT gin A (xsin A 4 n)
For, 2n arbitrary constants enter into this expression. Q.E.L

PROBLEM X
§48 If this differential equation of indefinite order was propounded:

_ o ady  dy
0=y dx” + dx2n’

in which the differential dx was put constant, to find its integral.

SOLUTION
The algebraic equation which is hence formed reads:
0=1+2z"+2% = (1+£2")?

since it is a square all its factors will be squares; therefore, for the upper sign
this form

2
(1—2zcos A T+ 22)?

contains all factors; for the lower this form
2k
(1 —2zcos A=+ zz)%.

From these known factors for the lower signs of the equation

2dny dZny
0=y- dxn = dx2n
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one will find the complete integral:

Ae* 1+ Be*s AT sin A (xsinA%n+%)
1+ Ce¥ s AT gin A (x sin A%n +¢)
+etc

+axe® +PBxe¥OSAiTgin A (xsinA27+b)
+yxe* AT sin A (xsin Adm 4 ¢)
+etc.

But the integral of the equation

24" y dZn y
dxn  dx2n

O=y+

will be

([ Ae¥osAiTgin A (xsinAlm+9)
Be¥<osAiT sin A (xsin A27 + B)
Ce*0sART gin A (xsinA27 + ¢€)
etc

axe¥ S AT sin A (xsinAlm+a)
Bxe* O ALT gin A (xsin A27 +b)

5 . .
Yxe* s 4iTsin A (xsin A27t + ¢)

o+ o+ o+ + o+

etc

QEL

§49 From these mentioned examples it is now seen abundantly clearly how
all differential equations of each other contained in this form

Cddy Dd%  Ed%y

Bd
Yy +

0=Ay+ dx dx? + dxs

+ etc,

while the letters A, B, C, D etc. denote arbitrary constants must be treated
and their complete integral must be found. For, the only difficulties resides
in the resolution of algebraic equations into real either simpler or trinomial
factors; but in this task we can justly assume this resolution, just depending
on algebra, to be given. But this same method can indeed also be used in
equations of this kind the terms of which continue to infinity, as long as all
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roots of the algebraic equations which are formed from this can be assigned.
Therefore, we will illustrate the use in one example, and I will explain the
integration of differential equations of infinite order in more detail on another
occasion.

PROBLEM XI
§50 If this differential equation running to infinity was propounded:

ddy  d%y dby

0=vy— + _ d’
YT o832 T 24dx*  720dx6

+ 40320dx8

— etc,

in which the differential dx is put constant, to find its complete integral.

SOLUTION

Having written 1 for y and z* for the differential of the corresponding order

%, this equation running to infinity will arise
P R . I S
- 1-2 1.2-3-4 1-2-3-4-5-6 1-2---8 e

which agrees with this one
0 = cos Az.

Therefore, all roots of this equation are arcs of the circle with radius = 1
the cosine of which vanishes. Therefore, all possible value of z will be the

following:

7T 3 5 7 9
j:E, :i:iﬂ.', :I:ETL’, j:§7r, iin’ etc.

Therefore, having known these roots and hence all simple divisors of that equa-
tion, which are all real, the complete integral of the propounded differential
equation will be

mx _m 3mx _3m Smx 5 7mx 7
y=wae? +ae 2 +Pe?2 +be 2 +ye?2 +ce 2 +de? +oe 2z +...
(to infinity)
And each term taken separately or several combined will give a particular
integral of the propounded differential equation.

Q.E.L
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